We describe an alternative method for femtosecond pumpprobe beam examination of energy transport properties of materials. All already reported techniques have several drawbacks which limit precise measurements of reflection coefficient as function of time. A typical problem is present when rough samples are being studied. In this case the pump-beam polarization changes randomly which may produce a spurious signal, drastically reducing the signal to noise ratio. Some proposals to alleviate such problem have been reported, however, they have not been totally satisfactory. The method presented here consists on measuring the difference between the two delays' signals of the probe-beam. As will be explained, our proposal is free of typical drawbacks. We also propose a numerical method to recover the ∆R(t)/R curve from the measured data. Numerical simulations show that our proposal is a viable alternative. 
Introduction
The pump-probe beam method with femtoseconds pulsed lasers is a powerful tool to investigate energy transport properties of materials, such as thin films [1] , nanostructures [2] , waveguides [3] , chemical processes [4] , etc. A description of the typical setup for transient thermoreflectance and thermotransmission technique can be found in Ref. [1] . Figure (1) shows the temporal dependent ∆R(t)/R, induced by laser heating. The constant term R represents the optic-reflection coefficient while the time dependent ∆R(t) represents the optic-reflection coefficient due to the pump-beam (∆R(t) << R). The method reported in [1] works in the following way: A pulse train from the pump-beam is modulated through the acousto-optic modulator. This beam impinges on the sample changing its reflection coefficient. This time dependent change is measured with the probe-beam. The probe-beam's amplitude changes as ∆R(t)/R does due to the pulse delay variations realized by means of the displacements of the dove prism. The probe-beam crosses the polarizer whose polarization plane is oriented such that scattered pump-beam is attenuated, and probe-beam goes to the photo-detector. The averaged signal generated by the photo-detector is measured with the help of a lock-in amplifier. In this way the ∆R(t)/R curve is generated. This method [1] have two main drawbacks. (1) The time resolution is equal or less than the pump-beam period. To increase the time resolution some authors have proposed the use of shorter pulsed lasers (down to 10 fs [5] ), which could be a very expensive alternative. (2) As the Lock-in amplifier is synchronized at the pump-beam modulation frequency, another drawback is that when rough samples are studied, scattered light can not be eliminated by the polarizer which causes a low signal to noise ratio. There are several already reported methods to reduce this drawback which consist on separate the pump-beam and the probe-beam, duplicating the pump-beams' frequency and using filters to eliminate the scattered light [6, 7] , using tunable lasers [8] , using two synchronized lasers of different wave-lengths [9], using different parts of a beam's spectrum as pump-beam and sensor [10] , and other interesting proposals [11] . These methods, however, are so expensive and/or they do not completely eliminate the drawback.
Description of the alternative method
Unlike already reported methods, which modulate the pump-beam, our method depends on sine modulation of the probe-beam delay. In this way the lock-in amplifier detects the voltage amplitude given by the photodiode, which corresponds to the difference ∆R/R i,i+1 = ∆R/R i+1 − ∆R/R i . In Fig. (2) we show the experimental setup for this purpose.
The laser (for example, MIRA-HP, Coherent) emits a pulsed beam with the following characteristics: pulse duration ∼ 190 fs, frequency=76 MHz, wave-length= 720 − 880 nm, mean optical power= 1.2 W. Light passes through the beamsplitter (for example, NT31-416, Edmund), pump-beam crosses through a variable gray filter (for example, NT63-048, Edmund), a lens focuses the pump-beam on the sample. The probe-beam passes through a variable gray filter and a λ /2 plate to turn 90 o its polarization plane, it is reflected by the vibrant reflector (for example, Broadband Hollow Retroreflector, model: UBBR2.5-1S, Newport) and reaches the sample. The vibrant reflector is coupled with a piezoelectric (for example, Nano-Mini, Mad City Labs Inc.) and a linear stage (for example, X -stage, model:M-IMS600LM, Newport). The vibrant reflector is connected to the lock-in's sine output through a driver (for example, Nano-Drive, Mad City Labs Inc.). The lock-in controls the piezo-shaker's oscillation frequency (∼ 100 Hz), while the driver controls the amplitude. The reflected and transmitted probe-beam crosses through the polarizers (for example, NT47-257, Edmund Optics) whose polarization planes are oriented to reduce the scattered light of the pump-beam, and finally arrives to the photodetectors (for example, FDS1010-CAL, Thorlabs). The electrical signal generated by the photodetectors is low-pass filtered (frequency cut∼ 200 Hz) and detected by the lock-in amplifier (for example, SR830, Stanford Research Systems). Owing to vibrations of the holow retroreflector, probe-beam has a modulated delay (Fig. (3) ). The constant delay is adjusted by means of x-stage (range of 0 − 1 m, resolution of 3 µm or less) with limits of 0 − 3 ns, resolution of 10 fs. The sine delay depends on piezo-shaker's oscillation (peak to peak movements ranging from 3 µm to 300 µm, resolution of 30 nm, delay of 10 fs -1 ps, resolution of 0.1 fs) whose amplitude is much lower than constant delay's amplitude. The probe-beam intensity reflected from the sample have the following components:
(1) Pulses of duration of femtoseconds (R p component) which come from the scattered pump-beam whose amplitude is constant.
(2) Pulse train of reflected probe-beam (∆R DC component) whose delay is time independent but dependent on x-stage position.
(3) Pulse train of reflected probe-beam (∆R AC (t) component) whose delay is time dependent owing to piezo-shaker's oscillation.
The R p component is detected by the photodiode after being attenuated by the polarizer. As the photodiode averages the light intensity over time, its output voltage is constant, so this voltage component is not affected by the low-pass filter. Owing that the Lock-in's input works in AC mode, this voltage component is not present in the output. Due to the polarizer, which reduces the light intensity, the photodiode is not saturated by R p component. Similarly, the ∆R DC component, which is not time dependent, is not present in the Lock-in's output. On the other hand the time dependent ∆R AC (t) component, makes the photodiode to produce an AC voltage of a given frequency (for example 100 Hz), being this voltage signal present in the Lock-in's output. The following two points resume the advantages of the proposal: (1) It is possible to have a better time resolution than the pulse width. (2) Noise caused by rough samples can be eliminated.
The theory
To theoretically describe our proposal in a simpler manner, we start by supposing that piezoshaker's movement is performed instantly (not as a sine function). In this way we can represent the time delay as a discrete time series t i . Owing that Lock-in only detects fundamental harmonic of the signal, this supposition can by applicable. We will also consider only ∆R(t) graphs (i. e. excluding the non-modulated reflection coefficient R). A graph of ∆R(t)/R is shown in Fig.  (4) . As laser pulses are Gaussian, we can represent the probe-beam intensity as 
I(t)
where t 0 may represent delays t i or t i+1 (Fig. (4) ). From now, we will represent intensities at instants t i and t i+1 as I(t,t i ) and I(t,t i+1 ) respectively. Supposing that reflection coefficient is R + ∆R(t) after probe-beam is reflected by the sample, then reflected light intensities can be represented by
I R,i (t) = [R + ∆R(t)] · I(t,t i ) = R · I(t,t i ) + ∆R(t)I(t,t i ),

I R,i+1 (t) = [R + ∆R(t)] · I(t,t i+1 ) = R · I(t,t i+1 ) + ∆R(t)I(t,t i+1 ).
As we can see, first term in right hand of both equations do not change with the time delay so that a DC signal is generated by photodiode which is not detected by Lock-in. On the other hand, second term in right hand of both equations (Fig. (5) ) makes the photodiode to produce a time dependent voltage signal which may be represented by
where k is a constant. Knowing that photodiode averages over time, then voltages produced by this device can be modelled as 
Figure (5b) shows the voltage produced by photodiode, which is composed by a DC component and a pulse train whose amplitude is synchronized with the frequency of modulation. As Lock-in works in AC mode, it only detects the time dependent voltage V DP whose amplitude is
Then, Lock-in has an output voltage V LI :
Taking in to account that Gauss functions rapidly decreases around the mean, we can rewrite (8) as
4. An algorithm to determine ∆R(t)
Description of the technique
Although the experimental technique proposed here to analyze energy transport properties in materials may avoid the problems of other already reported techniques, the main drawback is that the signal ∆R(t) is encoded in V LI,i,i+1 (equation (9)). We may define our technique as a translation of an experimental problem to a mathematical one. From the analytical point of view, solving ∆R(t) from equation (9) may be an extremely difficult problem, however, obtaining a set of measures of V LI,i,i+1 and making some approximations, we may develop a numerical algorithm which can give us a good approximation to ∆R(t).
In order to simplify the notation to explain the following numerical algorithm, we rename the following functions in equation (9): A(t) = ∆R(t) and B(t) = V LI . Also, we suppose that BkA T = 1, and assume that V LI is measured at discrete times t i , where i = 1, 2, . . . , m. On the other hand, establishing that zero mean Gaussian functions are negligible for |t| > 5σ , and assuming that t i+1 − t i < 10 (femtoseconds), then we may approximate (9) with
where
Let A(t) be represented by a polynomial function, that is,
Now, we may also approximate (9) with
Given that we have a set of data pairs ∑ L k=0 a k
, we may visualize the estimation of coefficients a k as an optimization problem of the following cost-function
To minimize the square error, we set
Finally, interchanging the summations and rearranging (16), we obtain
which represents a simple linear system.
Numerical experiments
Consider an experiment whose results are like those obtained in Ref. [1] , which represent the optical reflection of the surface under test, for example the theoretical graph corresponding to photon wavelength equal to 757 nm (see Ref. [1] ). it must be established a signal-quality measures by means of an error metrics. In our case, to compare the reconstructed signal with the ideal, we used the normalized root-mean-square error (NRMSE), which is defined as
where f t and f c represent the theoretical and the recovered signal respectively. A better approximation to theoretical A(t i ) depends on the polynomial degree L in equation (13). A simple analysis of the error for several values of L is shown in the graphs of Fig. (7) . In Fig.  (7a) we can observe that L-NRMSE are not monotonic decreasing graphs, so that a large value 
of L does not guarantee a good estimate of A(t i ). In Fig. (7b) Fig. (6b) ).
For the technique to properly work it is necessary to design a criteria to determine an optimal L value. In a real experiment, the only information available is B(t i ), so that once computed A(t i ) for a given L value, we compute B ′ (t i ) using equation (10), then we use the formula (18) to calculate the NRMSE value of B ′ (t i ) (compared with B(t i )). This process is performed for several L values (for example, L = 10, 11, . . . , 22). Finally, we chose the L value for the minimum NRMSE of B ′ (t i ), which also corresponds to the minimum NRMSE of A(t i ).
Conlusions
We have described an alternative experimental technique for the application of the transient thermoreflectance and transient thermotransmission technique using pump-probe beam examination. We have theoretically demonstrated that our method is free of drawbacks present in already reported techniques. Also, we presented a numerical algorithm to estimate the function ∆R(t)/R from V LI . We have demonstrated by means of numerical simulations the viability of our algorithm. We also presented a selection criteria for the polynomial degree which allows to estimate ∆R(t)/R with a minimal NRMSE.
